Film thickness and sub-surface stress distribution in a highly loaded automotive differential hypoid gear pair are examined. A 4-Degree of Freedom torsional gear dynamics model, taking into account the torsional stiffness of the pinion and the gear shafts, is used in order to evaluate the contact load, the surface velocities and the contact radii of curvature of the mating teeth during a full meshing cycle. The torsional gear dynamics model takes into account both the geometric non-linearities of the system (backlash non-linearity) as well as the time varying properties (contact radii, meshing stiffness) and the internal excitations caused by geometrical imperfections of the teeth pair (static transmission error). The input torque used for the study of the film thickness and the sub-surface stress distribution corresponds to the region after the main resonance, where no teeth separation occurs. The contact conditions predicted by the gear dynamics are used as the input for the elastohydrodynamic elliptical point contact analysis. The lubricant film thickness, the corresponding pressure and surface traction distributions are obtained quasi-statically using the output load of the dynamic gear pair model. The variation of the induced sub-surface stress field is determined throughout a meshing cycle. Based on the sub-surface reversing orthogonal shear stresses, marginal differences occur when the viscous shear on the conjunctional surfaces are taken into account, which are mainly influenced by the applied pressure distribution. The numerical prediction of lubricant film thickness agrees reasonably well with that predicted using the well-established extrapolated oil film thickness formulae reported in the literature.
Introduction
Hypoid gear pairs are widely used in modern automotive differentials. They transfer the applied engine torque to the driven axle and subsequently to the wheels. The applied torque is usually quite high with a gear ratio selected to overcome the rolling resistance on the wheels. Measures used to palliate the effect of high loads, which are usually combined with high sliding velocities of the meshing teeth, are focused on teeth modification [1] [2] [3] in order to minimize the fluctuations in the contact load of the meshing teeth pairs. At the same time lubrication is essential to avoid seizure or excessive wear due to the high flank traction. The combination of reduced vibration and high transmission efficiency (thus reduced frictional power loss) is thus highly desirable. Mohammadpour et al. 4 have shown that these requirements sometimes conflict. For example, reduction in flank friction can lead to excessive system vibration since some of the transferred energy is usually consumed by friction. Therefore, any analysis should integrate system dynamics with tribological performance. The latter should include the determination of regime of lubrication for a range of operating conditions, as well as ensuring the structural integrity of contacting surfaces under the extreme conditions encountered. This necessitates the determination of sub-surface stress field to avoid onset of inelastic deformation.
The current literature on hypoid gears and lubrication can be classified into three different categories, each one focusing on a different aspect of analysis, which when combined can result in a better understanding of the problem. One category is focused on the geometry; the global and local (contact) deflection of hypoid gear pairs, as well as the kinematics of the contact. A series of studies performed by Litvin and Gutman [6] [7] [8] are among the first who attempted to predict the resultant tooth surface geometry of hypoid gear pairs as a function of the machining parameters which is essential to be able to predict the contact kinematics. This approach is known as tooth contact analysis (TCA), which yields the necessary geometrical (principal radii of contacting pairs contact footprint) and kinematic data (surface velocities) between the mating surfaces. These data are required for the combined solution of Reynolds and elasticity potential equations. Other required data comprise the share of the total contact load between the meshing teeth, which includes the effects of applied torque, as well as the resistive torque applied on the driven axle and finally the inertial effects. Therefore, a detailed dynamic analysis is combined with the aforementioned integrated study.
Unlike other gearing configurations, and due to the complexity of the contacting geometry of hypoid pairs and the need for combined dynamics and tribological solution, there has been a relative dearth of representative analysis for such gears. In particular, the contact of hypoid gear teeth pairs yields an elliptical point contact footprint with significant side leakage of lubricant from the contact domain, a point not often taken into account by the majority of the previous contributions. These studies have shown thin lubricant films, resulting in mixed elastohydrodynamic conditions. An analytical solution for such conditions including thermal effects was presented by Karagiannis et al., 9 who employed Grubin's lubricant film thickness equation 10 for the general case of elliptical point contact geometry, modified to include the effect of side leakage from the contact conjunction, proposed by Gohar. 11 In another analytical contribution, Kolivand and Kahraman 12 provided a regressed equation for friction, based on mixed elastohydrodynamic conditions and non-Newtonian shear of the thin lubricant film using the line contact approximation for elliptical contact footprints with a high aspect ratio. Simon 13 presented a thermo-elastohydrodynamic analysis of hypoid gear pairs with elliptical point contact geometry but with no side leakage flow. Recent studies by Li and Kahraman 14 and Li 15 have provided insight into the tribodynamic response of spur gear pairs. Direct comparisons of the power loss between quasistatic and fully coupled tribodynamic models were performed, highlighting the influence of system dynamics. In a series of papers Mohammadpour et al. 4, 16, 17 provided full numerical solutions for hypoid gear pairs under isothermal elastohydrodynamic, mixed isothermal non-Newtonian and analytical thermo-mixed non-Newtonian elastohydrodynamic conditions. In the most recent of these contributions, Mohammadpour et al. 4 introduced a 2 DOF dynamics' model of a vehicular differential hypoid gear pair as a multibody system. They also took into account the aerodynamic drag, as well as the rolling resistance on the wheels of the driven axle. Their gear dynamics model was based on the one recommended by Karayiannis et al., 9 although an elliptical point contact EHL numerical solver was employed, yielding more accurate predictions of the EHL film thickness. However, they did not include the relatively high, but finite torsional stiffness of the supporting shafts of the differential. These are included in the extended gear dynamics model presented here.
Furthermore, a full numerical solution of the lubricated contacts of gear teeth is presented by taking into account the dynamic response of the gear pair. Using system dynamics as input conditions into the EHL model, yields more representative predictions for the EHL film thickness and the conjunctional lubricant pressure distribution. Finally, the influence of the EHL pressure distribution on the subsurface stress distribution in the teeth pair conjunction is studied by implementing a sub-surface stress solver. Predictions of the sub-surface stress field in hypoid gear pairs under the combined influence of gear dynamics and the elastohydrodynamic (EHD) lubrication effects yields an integrated study of their performance, which has not hitherto been reported in literature.
Theory

Gear dynamics
A 4 DoF torsional gear dynamics solver is employed, taking into account the finite torsional stiffness of the pinion and the gear shafts. Equations (1) to (4) are used to describe the torsional inertial dynamics of the system. Similar formulations have been proposed by Lim and his co-workers.
18,19
The lumped parameter torsional gear dynamics model, described by equations (1) to (4) , is illustrated in Figure 1 . The supporting shafts of the pinion and the gear have been replaced by elements which characterize their rotational inertia and their torsional stiffness and damping. The pinion and the ring gear are represented by two rigid disks with finite rotational inertia, whereas the flank stiffness and damping, as well as the backlash, are formulated as an element which is attached circumferentially to the pinion and the gear inertias.
The values for structural damping are calculated based on the assumption that the system damping is proportional (i.e. Rayleigh's damping) as recommended by Schwarz and Richardson. 20 For this purpose, all the non-linearities of equations (1) to (4) are removed and a linearised system is used to calculate the damping matrix using
The expression for damping, mass and stiffness matrices of the linearised system are given as
Using the mass and the stiffness matrices of the linearized dynamic system, the natural frequencies are: ! n1 ¼ 0 rad=s, ! n2 ¼ 2178 rad=s, ! n3 ¼ 7414 rad=s and ! n4 ¼ 26500 rad=s. The null value for the first natural frequency is because of the presence of the rigid body rotation. By setting the damping ratio for the 2nd mode shape 2 ¼ 0:02, equation (9) can now be used in order to determine the value of the proportionality constant which appears in equation (5), as
Applying equation (9) for the 2nd mode shape yields:
Knowing the value of , combined with the calculated values of the rest of the angular natural frequencies, ! n3 and ! n4 , yields the values of the damping ratio for the rest of the mode shapes 3 and 4 . For this study, 3 ¼ 0:0681 and 4 ¼ 0:2433.
In equations (1) to (4), the backlash function f, the dynamic transmission error (DTE) x, and the resistive torque at the gear shaft T w can be calculated, using equations (10) to (12) .
These equations account for the longitudinal vehicle dynamics, as the rolling resistance acting on the driven wheels and the aerodynamic drag are taken into account. This relationship has been used in the hypoid gear dynamics study of Mohammadpour et al., 4 as well as in Karagiannis et al. 9, 22, 23 The time varying contact characteristics are calculated at each time step, using 
The above equations correspond to the Fourier expansions of each of the contact data obtained by curve fitting the original TCA results, which have been produced using the commercial software CALYX. 24 The local principal radii of curvature, the contact radius, the static transmission error and the tooth load share factor are calculated for a full meshing cycle. Since their values are a periodic function of the pinion angle, the Fourier series can be used in order to obtain their analytical expression as a function of the pinion angle. The parameters in these equations are expanded for 8 Fourier coefficients. The values of the Fourier coefficients are the same as those used by Mohammadpour et al. 25 and correspond to a hypoid gear pair with the pertinent data listed in Table 1 . For the hypoid gear pair examined, the r.m.s. surface roughness is 0:45 mm. The influence of roughness on lubricant film generation is neglected in the current analysis.
Elastohydrodynamic conjunction
In order to estimate the central and minimum lubricant film thickness throughout the meshing cycle, an elliptical point contact EHL solver is developed. Here, it is assumed that the lubricant exhibits Newtonian shear characteristics. Mohammadpour et al. 16 have shown that this assumption can lead to sufficiently accurate estimations of the film thickness since the lubricant is mostly sensitive to the inlet conditions and it is fairly insensitive to load under elastohydrodynamic conditions. Furthermore, Yang et al. 26 have shown that whilst inlet shear heating affects the lubricant viscosity and thus viscous friction, its effect upon thin elastohydrodynamic films is fairly insignificant. Therefore, if the inlet shear thinning due to the presence of inlet swirl and reversing flows is neglected, then Newtonian shear characteristics may be assumed. The 2D Reynolds equation (equation (17)) is solved numerically in order to determine the contact lubricant pressure distribution. The contact footprint is assumed to be elliptical with a large aspect ratio. This is mainly due to the crowning of the gear teeth. Thus, a solution of the 2D Reynolds equation is sought
The film thickness at any location within the contact domain is calculated according to:
The localised elastic deflection is obtained through solution of the elasticity potential equation
Finally, the pressure dependence of the low shear dynamic viscosity of the lubricant is given as
The piezo-viscosity coefficient introduced in equation (20) can be calculated using equation (21) 
In the present study, gear oil with dynamic viscosity at atmospheric conditions of 0 ¼ 0:135 Pa:s and pressure-viscosity coefficient 0 ¼ 10 À8 Pa À1 is employed. The material of the gear teeth in conjunction is steel with E ¼ 210GPa and v ¼ 0:33. Finally, the compressibility of the lubricant is taken into account by employing the Dowson-Higginson equation 29 for the density variation with pressure as:
Boundary conditions
Swift-Stieber 30 exit boundary conditions are applied, where x out is the position of lubricant film rupture p50 and dp dx x¼x out ¼ dp dy Zero-pressure gradient along the side-leakage direction is also needed in order to maintain the lubricant film continuity along the same direction, since the current analysis takes into account the side-leakage flow as well, which is required for angled flow entrainment analysis. A fully flooded inlet boundary is assumed.
Numerical procedure
The calculation of the pressure distribution and the lubricant film thickness commences with an initial guess of the conjunctional gap, h 0 . The method of solution is the Effective Influence Newton-Raphson (EIN) method, using a Distributed Line Relaxation algorithm. Figure 2 illustrates the flowchart which describes the algorithm used in order to solve the EHL problem. The pressure convergence criterion is described by:
After pressure convergence is achieved, the load carrying capacity of the EHL conjunction is calculated using equation (25) . Since the applied load for the meshing teeth pairs is an input which is obtained from the solution of the gear dynamics model, the convergence of the generated lubricant reaction against the applied load is sought by satisfying equation (26) .
If equation (26) is not satisfied, the conjunctional gap h 0 is altered according to equation (27) and the entire procedure is repeated.
In the majority of the calculations, a computational mesh of 250 Â 200 points is used to achieve load convergence for highly loaded contacts. The computational domain extends to a distance of 4b h (with b h being the half-width of the semi-minor axis of the instantaneous elliptical point contact footprint) from the centre of the contact ellipse, upstream in the direction of inlet and 2b h from the centre of the contact ellipse downstream to the position of lubricant film rupture, x out . Along the side leakage direction, the fluid domain extends to a distance of 1:5a h from the centre of the contact ellipse upstream and downstream of the same direction. Figure 3 illustrates the computational contact domain used in the present analysis. 
Sub-surface stress field
High contact pressures can lead to localised inelastic/plastic deformation of contacting solids, arising from the generated sub-surface stress field. The yielding phenomenon is referred to as fatigue spalling. Therefore, an important consideration is to ensure the integrity of the contacting solid surfaces under the prevailing conditions. In this paper a semi-analytical method, 31 according to Johnson, is employed, which ignores the variation of the sub-surface stress field in the direction of the sideleakage from the elliptical contact footprint (plane stress condition). However, ideally for elliptical contacts with significant side-leakage flow, a 3D bulk sub-surface stress analysis would be required as highlighted by JohnsRahnejat 32 and Johns-Rahnejat and Gohar 5 since the pressures in the lateral direction also affect the stress field in the sub-surface domain. Nevertheless, the 3D approach is computationally time-intensive, thus the simplified analytical approach is used here in the first instance. Furthermore, with the high ellipticity ratio of the hypoid gear teeth pair contact footprint (of the order of 10-15) this approach essentially satisfies the assumption of line contact conditions. Thus
The integrals in expressions (28) to (30) are evaluated numerically using the trapezoidal rule. The size of the grid used is 1000 points into the depth of the contacting surfaces, reaching a sub-surface depth of 10b h .
Results
Gear dynamics
The numerical results from the torsional gear dynamics model are used to calculate the contact load, with the TCA providing the surface velocity of the teeth pairs in their conjunction as well as the local radii of curvature of the contacting point. The values of the input parameters used in the gear dynamics model are listed in Table 2 . Figure 4 illustrates the DTE amplitude response as a function of the input torque, as well as the DTE steady state time history at constant input pinion torque of T s ¼ 60:63Nm (corresponding to 81km=h steady state cruising velocity of the vehicle). These operating conditions have been chosen for the present analysis, since: (a) they represent the cruising velocity of typical light trucks on highways and (b) in terms of their DTE response these conditions correspond to the region after the 1st primary resonance where no vibro-impact phenomena due to teeth separations occur (Figure 4) .
Although the DTE response is strongly influenced by the input torque, the static transmission error e is assumed to be load-independent. This observation was noted for moderate applied torques (greater than $ 20Nm) according to Karagiannis, 33 where the TCA of similar hypoid gear pairs was examined. As it can be observed in Figure 4 (a), for T s % 27Nm (near the primary resonance), the steady state amplitude of DTE exhibits a jump behaviour (non-linear gear dynamics). This is due to the effect of backlash (geometric) nonlinearity. 23, 34 When operating within the vicinty of this region, teeth separation may occur (depending on system damping and any fluctuations of the external excitations). This leads to teeth vibro-impact phenomena. 23, 34 Nevertheless, the focus of the present study is on the lubrication analysis of regions without teeth separation.
The varying flank load during a gear meshing cycle is illustrated in Figure 5 with the corresponding velocities along the direction of entraining motion and in the side-leakage direction, respectively.
It can be seen that the flank load is initially quite low at the beginning of the meshing cycle with relatively high entraining velocities. The same is true of a pair of teeth separating at the end of a typical meshing cycle. This means that the classic EHL theory does not hold for the start and at the end of the meshing cycle. In fact, this is illustrated in the Greenwood chart for a full meshing cycle, indicating the changing nature of the regime of lubrication ( Figure 6 ) from iso-viscous rigid (hydrodynamic) through to highly loaded hard-EHL (viscous elastic) conditions. Each of the points within the red circle represents a point in the meshing cycle (Table 3) . The values of G e and G v parameters are calculated as 
As shown in Figure 6 , for the points corresponding to the beginning of the meshing cycle, the classic hydrodynamic lubrication theory (iso-viscous rigid) can be used. However, as the load increases, the contact pressures rise as well as the localised elastic deflection of the mating surfaces, inducing a piezo-viscous response of the lubricant. The present study focuses on the piezo-viscous elastic (EHL) segment of the meshing cycle. Nine points are studied and their central and minimum film thickness values are predicted through numerical analysis. Table 3 summarizes the points of the meshing cycle studied along with the corresponding contact conditions, which depends on the value of the input torque, T s . As an indication of the size of the contact footprint with respect to the flank size, the ratio of the elliptical contact footprint major axis to the gear teeth flank face-width remains in the range of 0.16-0.38. Figure 7 illustrates the central contact section (for Y ¼ 0 in Figure 3 ) pressure distribution for the conditions described in Table 3 . The corresponding dry (Hertzian) pressure distribution is also plotted in each case. This shows that the distributions encountered at the beginning and at the end of the meshing cycle deviate from Hertzian conditions owing to the relatively low contact loads. The deviation from the Hertzian condition under EHL is due to the gradual lubricant pressure building up in the inlet trail and the pressure spike at the contact exit. The corresponding lubricant film thickness contours for all the nine meshing points are shown in Figure 8 .
EHL pressure and film thickness
The characteristic horse-shoe minimum film thickness constriction is observed at the rear of the Hertzian contact region. This region loses its poignancy with a reducing contact load. The exit constriction of the film thickness is displaced closer to the outlet with an increasing contact load, while the magnitude of the entraining and the side-leakage velocities remain almost the same for all the points examined (as indicated in Table 3 ). The side leakage component of the entraining velocity causes an asymmetry in the film thickness contours. These are expected outcomes as already shown by Jalali-Vahid et al. 36 It is also observed that, due to this asymmetry in the film thickness distribution, the point of minimum film thickness does not lie on the centre of the contact (for Y ¼ 0 according to Figure 3 ), but is shifted towards the direction of the side leakage flow.
A comparison between the values of the central and minimum film thickness obtained numerically and the corresponding values determined using the Chittenden-Dowson equations 37 (33) to (34) is presented in Figure 9 . Reasonable agreement is noted although the Chittenden-Dowson equations 37 
Furthermore, the inlet boundary at the fully-flooded/ starved boundary position is compared with the starvation boundary of Hamrock and Dowson. 38 For all the points examined, the starvation boundary is located at a distance of 2b h À 3b h from the centre of the contact Figure 6 . Meshing points on the Greenwood chart 35 (region of interest within the red circle). 
The magnitude of the side leakage component of the flow can influence the inlet meniscus position, which may have consequences on the fully-flooded/ starved boundary position predicted by the existing theory. In order to prevent the effect of starvation on the numerical results, an inlet distance of 4b h was set throughout the analysis (Figure 3) . Furthermore, the Chittenden-Dowson equations were extrapolated for conditions, best suited from light to medium contact loads and significantly lower velocities of entraining motion for the lubricant.
Sub-surface stress field
Aside from the gradual wear of the teeth contacting surfaces, which is a function of the regime of lubrication, the eventual useful life of gearing is due to the repetitive loading of their mating teeth, eventually culminating in fatigue failure. There have been many studies with regard to the underlying mechanisms which may affect the fatigue life of the contacting surfaces under application of normal loads and tangential traction. Depending on the kinematics of the contacting surfaces, their material properties and operating conditions, a host of failure criteria have been proposed in the literature. These include the distortion energy hypothesis, also known as the von Mises criterion, and the maximum shear stress hypothesis, also referred to as the Tresca criterion. These criteria put emphasis on particular mechanisms, thus on certain components of the sub-surface stress field. Broszeit et al. 39 proposed the study of contacting materials' stressing using the equivalent stress hypothesis, e , first stated by Huber. 40 This hypothesis takes into account all the direct and shear stress components of the sub-surface stress field. The alternating shear stress field underneath the contact footprint, zx causes the sub-surface layers to repeatedly shear in one direction and then in the opposite sense. The repetitive shearing of the sub-surface layers is favoured by many to be the main underlying mechanism affecting the ultimate useful life of bearings and gears. 5, 30, 41 The equivalent stress with the alternating shear stress hypothesis is e ¼ 2 zxmax =P h , 32 where the amplitude of e is 0:5 and remains approximately the same with additional surface traction even when the effect of the viscous traction is taken into account. 30 Under elastohydrodynamic elliptical point contact conditions, the presence of the pressure spike at the contact exit induces a localised sub-surface stress field of its own which reduces the symmetry of the reversing orthogonal shear stress field 5, 32 both in magnitude and depth of the maximum isoclines. These observations are all evident in the results shown in Figure 10 (P h indicates the maximum equivalent Hertzian pressure in the contact). As noted, there is only a marginal change in the subsurface field with the inclusion of traction, which in this study corresponds to the viscous friction due to lubricant shearing (neglecting the contribution of asperity friction). The conjunctional viscous friction force is calculated, assuming lubricant Newtonian shear characteristics. Although this is not usually the case for the majority of fully formulated axle fluids, which exhibit shear thinning behaviour, the Newtonian assumption overestimates the viscous shear stress in the contact. The predictions, therefore, provide an over-estimate for viscous shear stress. Johns-Rahnejat 32 notes that the orthogonal shear stress field is quite sensitive to the contact footprint ellipticity, with large aspect ratios greater than 16 yielding the double amplitude of e 0:5 which is the case in the current analysis.
The reversing orthogonal shear stress fields for points 1 and 9; at the beginning and the end of the meshing cycle have equivalent stress values e 5 0:5 which are slightly deviant from the Hertzian conditions and in line with the results shown in the Greenwood chart of Figure 6 . The sub-surface predictions made here are based on a 2D field. It would be necessary to extend this into a 3D bulk sub-surface analysis in order to include a detailed fatigue life analysis of the distressed contacting surfaces.
Conclusions
An isothermal tribo-dynamics analysis of hypoid gear pairs has been presented in this paper. The initial analysis shows that during a typical meshing cycle the regime of lubrication in the teeth pair contact is subject to transience, commencing from iso-viscous rigid conditions through to elastohydrodynamic conditions and culminating in iso-viscous rigid conditions at the onset of tooth separation, which coincides with the end of the meshing cycle. This is corroborated with the use of Greenwood chart. The TCA combined with the gear dynamics model, result in the determination of the surface velocities of the meshing teeth along the major and the minor axes of the Hertzian elasto-static contact ellipse throughout the meshing cycle. This indicates significant side-leakage flow in and out of the contact domain along the major axis of the elliptical contact footprint. Therefore, the angled flow entrainment needs to be taken into account as is the case in this paper. The investigation of the sub-surface stress field, induced by the EHL pressure distribution, also shows the transient nature of the contact dynamics with the reversing orthogonal shear stresses complying with the double amplitude for the equivalent stress value, conforming fairly closely to that of Hertzian line contact condition for the elliptical contact footprint of high aspect ratio. The effect of asymmetry caused by the pressure spike at the rear of the contact on the sub-surface stress field is noted, although this is rather marginal due to the reduced magnitude of the generated pressure spike. Another important observation is that the reduced size of pressure spike heralds deviation of elastohydrodynamic conditions from fully flooded conditions, even though an inlet distance of 4b h was imposed. This is due to the fact that the component of the side leakage velocity causes a subsequent change of the position of the inlet meniscus towards the edges of the computational domain (for Y ¼ AE1:5a h ) which may induce starvation of the lubricant in the conjunction. Future research could yield more realistic results regarding the lubricant film thickness distribution, as well as the distribution of the sub-surface stresses, when the effect of the non-Newtonian shear thinning response of the lubricant with high shear rates can be applied. Furthermore, considering the effect of flank friction on the equations of gear dynamics can also improve the accuracy of the results and predict the contact load which should be supported by the lubricant film.
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